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Robustness of the pairwise kinematic Sunyaev-Zeldovich power spectrum shape as a
cosmological gravity probe
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We prove from the constrained modified gravity (MG) galaxy mock catalogs that the shape of the
pairwise kinematic Sunyaev-Zeldovich (kSZ) power spectrum PkSZ has a strong constraining power
on discriminating different gravity theories on cosmological scales. By varying the effective optical
depth τT as a free parameter, we verify that the τT-f (the linear growth rate) degeneracy in the linear
theory of PkSZ is broken down by the non-linear structure growth and the scale-dependence of f in
some MG theories. Equivalently speaking, the shape of PkSZ alone could be used to tightly constrain
the MG theories on cosmological scales. With a good knowledge of galaxy density biases, we verify
that, a combination of the next generation galaxy spectroscopic redshift and CMB surveys, e.g.
DESI+CMB-S4, could potentially discriminate f(R) and nDGP models from the general relativity
at ∼ 5σ level using the shape of the galaxy pairwise kSZ dipole PkSZ,ℓ=1 alone, when fR0 = 10
−5
and H0rc = 1.0.
PACS numbers: 98.80.-k; 98.80.Es; 98.80.Bp; 95.36.+x
Introduction.— The cosmological test of gravity the-
ories has gain much more attention since the discovery of
the cosmic acceleration. Profound progresses have been
made, though there is still room to explore from the next
generation of cosmological surveys, which will collect at
least one order of magnitude more data than all the ex-
isting ones in the current literature. Therefore many
next-to-leading-order cosmological/astrophysical effects
will be detected at a high confidential level and will
significantly benefit the cosmological gravity test. The
kinematic Sunyaev-Zeldovich (kSZ) effect [1–4] is one of
these.
The kSZ effect describes one of the secondary CMB
temperature anisotropies, induced by the CMB photons
Thomson scattering off a bunch of free electrons with
bulk motion. It is a measure of both the cosmological
velocity field and baryon distribution in the universe, and
the induced CMB temperature change
δTkSZ(nˆ) = −T0
∫
dlσTne
(
ve · nˆ
c
)
, (1)
δTkSZ(nˆi) = −
T0τT,i
c
vi · nˆi . (2)
Here T0 ≃ 2.73 is the averaged CMB temperature, σT is
the Thomson scattering cross-section, c is the speed of
light, nˆ is the unit vector along the line-of-sight (LOS),
ne is the physical free electron number density, ve is the
peculiar velocity of free electrons, and the integration∫
dl is along the LOS given by nˆ. Eq. (2) assumes that
the CMB photons scatter off only one cloud of moving
free electrons surrounding the ith halo until they reach
the observer, and τT,i =
∫
dlσTne,i is the optical depth
of the ith halo. We adopt this assumption through out
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the letter. Furthermore, we assume a constant τT for all
halos for simplicity, thus τT could be singled out in all
calculations.
The velocity field of free electrons is believed to be
a good tracer of dark matter velocity field and hence
a promising test bed of cosmological models. Several
works have detected the kSZ effect in the literature, al-
though the signal-to-noise (S/N) has not reached 5σ [5–
12]. By combining the next generation of galaxy redshift
and CMB data, the significance of kSZ detection could
potentially reach 20−100σ, by varying scenarios [11, 13].
This high detection significance will heavily benefit the
constraint on the DE properties and the MG theories
[14].
Though promising, this field always suffers from our
poor understanding of τT. The calculation of τT is
based on various complicated astrophysical processes,
and could be only possible in hydro-dynamical simu-
lations, which still suffers from numerous uncertainties
nowadays. As one could tell from Eq. (2), τT is degener-
ated with the amplitude of velocity field. Therefore the
uncertainty of τT will heavily degrade the constraining
power of kSZ effect on cosmological models. Addition-
ally, several systematic errors in the kSZ detection, such
as the miscentering bias and scatter-in-mass bias, will
systematically decrease the overall amplitude of kSZ sig-
nal [13] and induce systematic biases if we rely on the
amplitude of kSZ signal to constrain cosmology. Con-
sequently, the conservative choice is to merely use the
shape of the kSZ signal for cosmological analysis. This
work will prove the robustness of this idea using high
resolution MG N-body simulations.
The pairwise kSZ power spectrum. — Halos con-
taining free electrons tend to move toward each other,
due to the mutual gravitational attractions. This pecu-
liar kinematic pattern leaves distinct feature in the CMB
map, which could be captured by the pairwise kSZ esti-
2mator in the Fourier space [11, 15],
PkSZ(k) =
〈
−
V
N2
∑
i,j
[δTkSZ(nˆi)− δTkSZ(nˆj)] e
−ik·sij
〉
≃
(
T0τT
c
)
Ppv(k) , (3)
Ppv(k) =
〈
V
N2
∑
i,j
[vi · nˆi − vj · nˆj ] e
−ik·sij
〉
. (4)
PkSZ is the pairwise kSZ power spectrum in redshift
space, Ppv is the galaxy LOS pairwise velocity power
spectrum in redshift space, V is the survey volume, N
is the number of galaxies, and sij = si − sj is the galaxy
separation vector in redshift space.
In a series of papers [11, 14, 16], Sugiyama et al. proved
that, assuming the global plane-parallel approximation
nˆi ∼ nˆj ∼ nˆ and the amplitude of velocity field is pro-
portional to f , we could drive Ppv(k) from the redshift
space galaxy density power spectrum Ps(k) in the follow-
ing way,
Ppv(k) =
(
i
aHf
k · nˆ
)
∂
∂f
Ps(k) , (5)
where a is the scale factor, H is the Hubble parameter
at redshift z. This relation holds for any object such as
dark matter particles, halos, galaxies, and galaxy clusters
with anisotropic clustering property (in redshfit space).
Instead of detailed modelling of PkSZ [16, 17], we pro-
vide here a toy model to qualitatively understand the
numerical results. We introduce a simple RSD model,
with a linear Kaiser term and a Gaussian Finger-of-God
(FoG) term,
Ps(k, µ) =
(
b+ fµ2
)2
Plin(k) exp(−k
2µ2σ2v/H
2) . (6)
Here b is the linear galaxy bias, µ denotes the co-
sine of the angle between k and the LOS, and Plin(k)
is the linear dark matter power spectrum at redshift
z. In linear theory, the LOS velocity dispersion σ2v =∫
f2H2Plin(k)dk/6π
2. By substituting Eq. (6) into Eq.
(5), we derive the corresponding formula for ∆kSZ(k, µ) ≡
k3PkSZ(k, µ)/2π
2,
∆kSZ(k, µ) = −
k3
2π2
(
T0τT
c
)
2aHfµ(b+ fµ2)
Plin(k)
k
×S(k, µ) exp(−k2µ2σ2v/H
2) , (7)
S(k, µ) = 1−
1
3
(b/f + µ2)k2σ2v/H
2 . (8)
Eq. (7) characterizes two circumstances at which the
τT−f degeneracy could be broken. One is when the MG
theory predicts a scale-dependent f , which will change
the shape of ∆kSZ in a characteristic way and break the
τT − f degeneracy. The other is the non-linear structure
growth, which generates higher order terms such as the
shape kernel S(k, µ) and the FoG term. The combination
of the term τTfb and these higher order terms will also
break the τT − f degeneracy.
In order to illustrate the robustness of above two mech-
anisms in breaking the τT − f degeneracy, and also to
quantify the robustness of the ∆kSZ shape as a cosmo-
logical gravity probe, we will measure and compare the
∆kSZ dipoles from high-resolution general relativity (GR)
and MG simulations in the following sections.
The MG simulations and mock catalogs.— We
study two representative MG theories in this work, the
f(R) gravity [18] and the normal branch of DGP (nDGP)
gravity [19]. The f(R) gravity acquires a scale-dependent
f and we adopt the Hu & Sawicki (HS) functional form
of f(R), where the deviation from GR is characterized
by the free parameter |fR0| = |∂f/∂Rz=0|. The nDGP
model predicts a scale-independent f , and this model
has one parameter rc of length dimension, below which
gravity becomes four dimensional.
f(R) simulations are run by the ECOSMOG code [20,
21] and nDGP simulations are run by the ECOSMOG-V
code [22, 23]. The simulation box size is 1024Mpc/h
and the particle number is 10243. Three |fR0| =
10−4, 10−5, 10−6 values are chosen for f(R) gravity simu-
lations, denoted as F4, F5, and F6. Two H0rc = 1.0, 5.0
values are adopted for nDGP gravity simulations, named
as N1 and N5. The levels of deviation from GR are in
the sequence of F4>F5>F6, and N1> N5. All simula-
tions have the same background expansion quantified by
the WMAP9 cosmology [24],
{Ωb,ΩCDM, h, ns, σ8} = {0.046, 0.235, 0.697, 0.971, 0.82} ,
and we run 5 realizations for each gravity model.
The z = 0.5 snapshot is analyzed in this work, to rep-
resent the survey volume at 0 < z < 1 of the future sur-
vey. The dark matter halo catalogs are geenrated using
ROCKSTAR [25], then by tuning the HOD parameters
suggested in [26], the mock galaxy catalogs are gener-
ated. Different HOD parameters are applied to different
MG simulations, and all “constrained” galaxy catalogs
are guaranteed to have the identical galaxy number den-
sity ng and the projected correlation functions wp(rp).
This effectively fixes the uncertainties from the compli-
cated galaxy density biases and we could therefore focus
solely on the physical deviations induced by the MG the-
ories at cosmological scales. The HOD parameters of the
GR simulations are the best-fit HOD parameters from
the CMASS data [27]. The detailed description of the
simulations and catalogs could be found in [28].
The pairwise kSZ dipole.— We study the dipole of
∆kSZ(k, µ) in this section. The first step is to calculate
Ppv(k, µ). For the computational convenience, we adopt
3FIG. 1: Assuming a fiducial Vs = 10(Gpc/h)
3, the error
bars are calculated by
√
σ2box × Vbox/Vs. σ
2
box is the stan-
dard dispersion of 5 × 3 = 15 LOS directions, and Vbox is
the simulation box volume. All directions are assumed to be
independent from each other. For conciseness, we only plot
the error bars of GR simulation for illustration.
an estimator equivalent to Eq. (4), namely [16]
(2π)3δD(k + k
′)Ppv(k) = 〈ps(k)δs(k
′)− δs(k)ps(k
′)〉 ,
(9)
where ps(s) = [1 + δs(s)][v(s) · nˆ] and δs(s) are the mo-
mentum field and the density fluctuation field in redshift
space. ps(k) and δs(k) are the corresponding Fourier
counterparts. We sample the ps(s) and δs(s) fields on
10243 regular grids using the nearest-grid-point (NGP)
method and calculate ps(k) and δs(k) fields by the Fast
Fourier transform (FFT) method.
We further adopt τT = 8.4 × 10
−5 [14], and Eq. (4)
gives PkSZ(k, µ). Using the Legendre polynomials Pℓ(µ),
the multipole of PkSZ(k, µ) is defined as
PkSZ,ℓ(k) =
2ℓ+ 1
2
∫ 1
−1
dµPkSZ(k, µ)Pℓ(µ) . (10)
The measured dimensionless dipoles ∆kSZ,ℓ=1 =
iℓ=1k3PkSZ,ℓ(k)/2π
2 of the dark matter and mock galax-
ies are shown in the top panels of Fig. 1 [31].
We see that all simulations give the ∆kSZ,ℓ=1 of similar
trend, with a turnover at around k ∼ 0.08h/Mpc. How-
ever different gravity theories predict ∆kSZ,ℓ=1 of differ-
ent amplitudes and shapes, and the MG dipoles are more
distorted than that of GR. The deviations of F4 and N1
simulations from GR case are larger than that of F5/F6
and N5 simulations, as expected.
Instead of making careful comparisons between Eq. (7)
and Fig. 1, we generally discuss the impact of the shape
kernel S(k, µ) on the dipole shape here. S(k, µ) is phys-
ically a consequence of the competition between Kaiser
and FoG effects, which makes it a decreasing function
ranging from unity to −∞ as k increases. Together with
the FoG term, S(k, µ) induces the turnover of ∆kSZ,ℓ=1 at
around k ∼ 0.08h/Mpc. Furthermore, as k crosses a typ-
ical kS=0(µ) =
√
3H2/[(b/f + µ2)σ2v ] ∝ (f/b+f
2µ2)−1/2
for a given µ, ∆kSZ(k, µ) value will transfer from negative
to positive, and continues to grow as Fig. 1 illustrates
[32]. Finally, different gravity theories predict different f ,
Plin(k), σ
2
v and b. These physical quantities interact to-
gether in Eq. (7) and generate diverse kSZ dipoles shown
in Fig. 1.
In the bottom panels of Fig. 1, we show the dipole dif-
ferences between the MG and GR simulations ∆kSZ,ℓ=1−
∆GRkSZ,ℓ=1. The nDGP model predicts a constant f devi-
ating from GR case at all scales, while the f of f(R)
model coincides with that of GR at large scales and then
increases towards smaller scales [28]. Therefore, at large
scales (e.g., k <∼ 0.08h/Mpc), the deviations of nDGP
dipoles are in general larger than those of f(R) mod-
els and in the other way around at small scales (e.g.,
k >∼ 0.1h/Mpc). Assuming (1) a fiducial survey volume
of Vs = 10(Gpc/h)
3 at 0 < z < 1, which is typical for
the next generation of galaxy redshift surveys, e.g. DESI
[29], and (2) the CMB resolution is well within the dark
matter halos and instrument noise is negligible, which
could be achieved by CMB-S4 [30] survey, we calculate
the S/N of the differences between MG and GR dipoles,
where
S/N =
√
χ2/dof =
√√√√∑i [∆kSZ,ℓ=1(ki)−∆GRkSZ,ℓ=1(ki)]2
σ2∆(ki)× (
∑
i−Npara)
.
(11)
Npara = 0 is the number of free parameters here. kmin =
0.035h/Mpc, kmax = 0.195h/Mpc and ∆k = 0.01h/Mpc.
The estimated S/N are listed in the bottom panels of
Fig. 1. We find that, the F5 and N1 gravity models
could be discriminated from GR at a ∼ 5σ level using
∆kSZ,ℓ=1, denoting its great potential on cosmology.
τT− f degeneracy breaking.— In the realistic data
analysis, it is however difficult to have accurate knowl-
edge of τT in advance and thus the amplitude of kSZ
power spectrum could not be used to constrain cosmol-
ogy. The key question to ask is that, “without knowing
τT, can we still discriminate kSZ signals predicted by dif-
ferent gravity theories?” The answer is yes, that we could
discriminate them using the shape of the galaxy pairwise
kSZ dipole.
In order to illustrate this point, we implement the fol-
lowing test. We fix the GR ∆kSZ,ℓ=1 as it is in the
previous section. Then in calculating the MG dipoles,
we replace τT by ητT = 8.4 × 10
−5η, and vary η be-
4FIG. 2: Similar to Fig. 1, but with a varying τT.
tween [0.5, 1.5] to fit the GR dipole. Consequently we
obtain the best fitted η, and the corresponding S/N of
the GR-MG dipole differences are calculated by eq. 11
and Npara = 1. We consider this S/N as the constraining
power of the gravity model from the shape of the galaxy
pairwise kSZ dipole, and equivalently, it illustrates how
much the τT − f degeneracy is broken by the ∆kSZ,ℓ=1
shape. The results are plotted in Fig. 2.
It is shown that, (1) in nDGP cases, the amplitudes
of ∆kSZ,ℓ=1 change by up to∼ 10%, and the S/N of the
GR-MG dipole difference degrades by up to ∼ 65%, but
not by 100%, while (2) in f(R) cases, the amplitudes
change by up to ∼ 4% and S/N degrades by up to 15%
[33]. This discrepancy illustrates the facts that (1) non-
linear structure growth breaks the τT − f degeneracy in
the kSZ signal, and (2) the scale-dependence of f in f(R)
models further breaks the τ − f degeneracy as discussed
previously. More importantly, we prove that using the
∆kSZ,ℓ=1 shape alone, we could discriminate F5 and N1
gravity from GR at ∼ 5σ level, by a DESI+CMB-S4 like
combination. This conclusion overcomes the obstacle in
the kSZ cosmology originating from the poor understand-
ing of τT and will have a significant implication prospect
in the next generation of galaxy and CMB surveys
Moreover, we choose a moderate kmax = 0.195h/Mpc
in the analysis, which corresponds to a comoving scale
around 5.1h/Mpc ∼ 32.2h/Mpc. Therefore our conclu-
sions are immune from the systematics affecting the small
scale kSZ signal, e.g., the complicated small scale astro-
physical processes.
Discussions.— In conclusion, we verify that the shape
of the galaxy pairwise kSZ dipole has great constraining
power on gravity models at cosmological scales. This con-
straining ability does not depend on the small scale kSZ
signal, thus immune from the complicated small scale as-
trophysical processes. This probe is in particular useful
for a self-consistent test of GR from cosmological data,
where our main target is to falsify GR rather than to de-
termine the “true” gravity model. We find that, with a
good knowledge of galaxy density biases, a DESI+CMB-
S4 like survey combination could discriminate F5 and
N1 gravity models from GR at ∼ 5σ level, illustrating
the promising implication potential of ∆kSZ shape in the
future.
As a proof-of-concept paper, this work is simplified
and could be improved in several aspects. (1) It would
be beneficial to develop more accurate analytical models
or numerical emulators for ∆kSZ(k, µ). (2) We assume
that we have good knowledge of galaxy density bias in
this work, while in reality the biases or HOD parameters
fitted from wp will have uncertainties. (3) We assume a
constant τT in this work, while in reality τT,i could be
correlated with δ and vi. (4) The current error estima-
tion assumes negligible CMB instrument noise. (5) To
obtain better forecasts of the next generation galaxy and
CMB surveys, the realistic kSZ catalogs matching their
survey designs would be necessary. These issues will be
addressed in our future works. Finally, we would like to
use this work to motivate more theoretical and observa-
tional kSZ studies on the cosmological model constraints
in the future.
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